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Numerical simulations of experiments on quasi-two-dimensional turbulence
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We report direct numerical simulatiot®NS) of the two-dimensional2D) Navier-Stokes equation, includ-
ing a linear friction term which parallels a series of recent experiments on decaying quasi-2D turbulence in
thin, stably stratified, fluid layers. If we start the DNS from the experimental situation when transient processes
within the layers have died away, then quantitative comparison between simulation and experiment shows a
remarkable agreement for the temporal evolution of the stream function and the vorticity field. The results
confirm the two dimensionality of the experimental dynamics after a short initial period of relaxation and
suggest the use of 2D simulations for extrapolating the observations to the case without bottom friction,
inaccessible to experiments with stratified fluif81063-651X97)07804-3

PACS numbep): 47.27.Eq, 47.27.Jv

I. INTRODUCTION specific vorticity fields. In summary, the question as to
whether a 2D experiment and an appropriate 2D model, if
The understanding of the dynamics of tWO_dimensionajStart_Gd with |dentlcal |n|t|al Condi’gions, would agree in the
(2D) turbulence is a fundamental problem of theoretical fluigdetails of the vorticity field, remains open. The purpose of
mechanicg1,2] with various applications to geophysif3] the present paper is to combine existing accurate vorticity
and magnetohydrodynamigg]. Although a lot of experi- me?su&emgréts mlzg Str‘?t'f'ed ff"%'ff.s“—llﬁ X\”th a ZEd) getn-
mental and numerical work has been done to characterizg o, ¢ including linear frictiop17-19 in order to

. ; L : - . perform a series of direct numerical simulations which par-
particular properties of quasi-two-dimensional dynamics Ir]aIIeI, to the greatest possible extent, the conditions of the

rotating, stratified, or m_agnetohydrpdynamic flpws, there aPreference experimentl5]. Even the investigation of the 2D
pears to be a lack of direct numerical simulations reproducmode|[17_1q and in particular, the influence of the linear
ing the transient dynamical evolution of experimentally de-gction term on the evolution of the quasi-2D flow becomes
termined vorticity fields starting fromalmos) identical  jyportant for the determination of the range of validity and
initial conditions. For instance, experiments on 2D turbu-appjicability of statistical theories of 2D turbulence. During
lence in soap films could, to a certain degree, be reproducqqfe past decade three proposals for statistical descriptions of
by numerical simulations starting with idealized initial con- 2D turbulence have been made: The “selective decay
ditions [5]. However, the numerical vorticity field could not theory” [20], the “scaling theory”[21], and the “maximum
be quantitatively compared with the experimental one beentropy theory”’[22-24. Each of them reports direct nu-
cause the latter was not amenable to direct measurement. Anerical simulation§DNS) which support their own theoret-
impressive example of quantitative agreement between exeal predictiong 25—-29. However, there is no investigation
periment and theory comes from the observation of equilibyet which is devoted to the question of whether the 2D equa-
rium arrangements of 2D vortices, where measurements itions of motion model experimentally realized quasi-2D
superfluid helium[6,7] and in nondissipative pure electron flows. This question becomes particularly important in the
plasma[8—12] show remarkable similarity with theoretical light of recent experimental attemts4—1§ to test the sta-
predictions. Nevertheless, in both cases the comparison inistical theories of 2D turbulend®0—-24 which requires ac-
volves static rather than dynamic states, in particular leavingurate tools.
open the question as to whether the dynamical evolution of The goal of the present communication(is a quantita-
quasi-2D electron plasmas is in quantitative agreement wittive comparison of the spatial-temporal evolution in the ex-
direct simulations of the 2D Navier Stokes equatiNSE)  periment of Marteau, Cardoso, and Tabelirid] (MCT),
or 2D Euler equation. A third example of successful inter-with a DNS of a 2D mode]17-19 starting with data from
comparison of 2D experiment and theory, involves aircraftthe experimental initialization(ii) the explanation of dis-
measurements of one-dimensional energy spectra in atmarepancies between experiment and DNS by transient re-
spheric flows, which appear in good agreement with resultgimes of the vertical velocity profile in the first few seconds
of a closure model, including energy sources at small an@f evolution, and(iii) a detailed numerical study of the in-
large scale§13]. As in the preceding example, however, the fluence of the linear friction on the structure of the late states
comparison does not provide information about the power obf the turbulent decaying vorticity fields.
2D simulation in predicting the spatiotemporal evolution of  Therefore, in Sec. Il we will present a comparison be-
tween DNS and a special situation realized in the MCT ex-
periment. Observed discrepancies shall be explained by re-

*FAX: (49 351 463-8087. Electronic address: laxation processes within the fluid layers which cannot be
juettner@fz-rossendorf.de modeled by a 2D equation of motion. However, it can be
www:http://www.tu-dresden.de/mwism/juettner/home.html understood in the framework of a Stokes approximation for
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TABLE I. Physical and numerical parameters of the reported DNS: the linear friction coeffici¢me
viscosity exponenp (p=1: usual kinematic viscosityy=2: hyperviscosity, the viscosity coefficient, , the
box sizeL, and the number of collocation points

tstart tend Mr Vp L

Run no Initial condition [sl [s] [ »p [m?Ps™1] [m] N

1 disordered, expt. situation 0 20  0.07 1 8307 0.064 256
2 disordered, expt. situation 4 20  0.07 1 8307 0.064 256
3 disordered, expt. situation 0 20 0.07 1 %008 0064 513
4 disordered, expt. situation 0 20 0.07 2 2w 0064 256
5 disordered, expt. situation 0 120 0 1 8Qao?® 0064 256
6 lattice, 4 altern. vortices 0 27 0.09 1 &307 0064 256
7 lattice, 4 altern. vortices 0 3% 0 1 %8107 0.064 256
8 lattice, 16 altern. vortices 0 27 011 1 &307 0.09 256
9 lattice, 16 altern. vortices 0 189 0 1 X207 0069 256

the initial phase of the MCT experiment which is done in experiment, we interpolate the experimentally measured vor-
Sec. lll. In Sec. IV we will focus on the final organized statesticity fields from the original 4&40 grid up to the numerical
of 2D turbulence as obtained from DNS for several initial resolution.
conditions, as used in the MCT experiment. Run no. 1 is started from the experimental situation at
t=0 when the electric current through the fluid layers has
been turned off. For this simulation we suppose that within
OF DIRECT NUMERICAL SIMULATIONS the thre_e-dimension_a(SD) .ﬂL.Jid layers two di_ssipation.
WITH THE MCT EXPERIMENT mechanism act: a linear friction due to the vertical velocity
profile and a usual 2D diffusion due to the horizontally act-
Recent experimental realizations of decaying quasi-20ng parts of the 3D Laplacian. We chogse 1 in Eq.(1) and
turbulence have been performed using electromagnetitake the molecular viscosity ag=10"° k gm 1s ! (waten.
forces in order to establish initial distributions of quasiunidi- The fluid actually consists of two layers of salted water with
rectional vortice$14—-16. Quantitative measurements of the densitiesp; ,=(1200+100) k gm 3, which are approximated
decaying 2D vorticity field and of the coefficient of linear with a mean value op,=1200 k gm 3. As result we get a
friction have been done. Based on these experimental obsekinematic viscosityr;=8.3x10 ' m?> s~ *. For the coefficient
vations we perform DNS of the generalized 2D Navier-of the linear friction term we use the experimentally mea-

II. QUANTITATIVE COMPARISON

Stokes equatiofl7-19 sured valugx=0.07 s L. The initial minimum and maximum
of vorticity are wpno=—4.0 S * andwya, =3.3 S 4, respec-
Jo = b1 AD tively.
ot T V)e=(=1)" rhie—po, @) In Fig. 1 the evolutions of the vorticity fields in the ex-

periment(center colump in the simulation run no. 1left
with column and in the simulation run no. @ight column are
shown. The snapshots in the same row are taken at the same
time. Now we compare the results of run no. 1 with the
experimental observations. On the one hand, we observe a
relatively good agreement when considering the large scale
structures for each situation. More precisely, it is remarkable
that the detailed merging events of nearby like-sign vortices

o(X,y,0)=[V,Xi(x,y,t)]-&, (2)

in a square domainx(y) e D=[0,L]%. We suppose free slip
boundary conditions at the lateral walls for the 2D velocity

field v =wv,(X,y,t)é+vy(X,Y,t)€, and vanishing vorticit . ;
at bound;(ryayD.) 'Iz(he §(D yI\Ia)blél operator is g(]jenotedyi/)vith are correctly reproduced by the numerical simulajsae
e.g., the evolution of théwhite) upper vortex triple at=0

5 _& 2 ; I — 2
Vo=8dlx+8&,0/dy and the 2D Laplacian withd,=V5.  jntq 3 vortex pair at=4 5. On the other hand, discrepancies
The linear dissipative term models the bottom friction. The, 4 \isible in the shape and in the position of the large scale

simulations use a modification of the pseudospectral code inpole at the late staté=20 $ when most of the energy is
Ref.[28] which is based on a vorticity-stream function rep- dissipated due to the linear friction.

resent_ation of the model E@l). Then the lateral bour'ldar,y In the following we look at the temporal behavior of some
conditions arey|,p=w|,p="0, where the stream function is jteqral quantities of the 2D flow. Let us consider the kinetic
defined byo=V,X¢€,. We use spatial resolutions of energy of the 2D velocity field

N=256" or N=512 collocation points. The parameters of

the DNS reported here are shown in Table I.

First we study the seemingly unusual case of a disordered E— 1 524D 3
system(runs nos. 1-f because this initial condition does ) DU ' €
not possess any imposed symmetry and represents the ge-
neric case. For initialization of the simulation from an ex-
perimental situation or for comparison of the DNS with theand the enstrophy of the vorticity
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FIG. 2. Temporal behavior of the ener¢g) and of the enstro-
phy (b) from the DNS starting at=0 (dotted line$ and from the
DNS starting at=4 s(solid lineg. The squares mark values which
are measured in the MCT experimdi6)]. The linear friction and

t=20s kinematic viscosity are taken as in the experiment. The energy and

] o ) . the enstrophy are normalized with respect to their valugs-at
FIG. 1. Evolution of the initially disordered vortex system in the

MCT experimen{15] (center columpand in the DNS starting from  tion att=0. The duration of the initial period of discrepan-
the experimental situation &0 (run no. 1, left columhand start-  cies between numerical and experimental energy and entro-
ing from the initial experimental situation &4 s(run no. 2, right  phy decay, respectively, is of the order of the vertical viscous
column. The linear friction and kinematic viscosity are taken as inrg|axation time of the leading higher order Stokes mode,
the experiment. There are shown isovorticity plotda0, t=4 s, 4h%972v~1.93 s with respect to experimental conditions.
t=10s, and=20s. This suggests that 3D relaxation processes involving higher
order Stokes modes may take place in the fluid, a conjecture
Z:J w2dD. 4) that will be elaborated further in Sec. IIl. _
D Therefore, in run no. 2 we start the DNS from the experi-
_ mental situation at=4 s when most of the 3D relaxation
In Figs. 2a) and 2b) the energyE=E/E, and the enstrophy processes should have disappeared. All the other conditions
Z=12]Z, are shown as functions of time, respectively. Bothare the same as in run no. 1. Snapshots of the vorticity field
guantities are normalized with respect to the values=@  from run no. 2 are shown in the right column of Fig. 1. Both
which we denote with the index “0.” If we compare the att=10 s and at=20 s we observe an excellent agreement
results of run no. 1(dotted lineg with the experimentally when comparing the size, the position, and the magnitude of
measured valugsquareswe see that the energy and enstro-the large scale vortices from the DNS with the experimen-
phy in run no. 1 decay faster than in reality. These differ-tally observed arrangementsenter colump In order to
ences evolve in the first few seconds. In the experiment guantify the agreement between the simulations and the ex-
slower decay of botk andZ is observed during the first few periment we define a relative error
seconds than in the further evolution after4 s. Then, after
t~4 s, the energy and the enstrophy of run no. 1 decrease f (fons— fexp)2dD
with the same rate as in the experiment. However, the nu- S(F )= DIIDNS TEXP
merical values differ from the experimental values by an ()= )
approximately constant factor e£0.5. f pfexpdD
In spite of the latter discrepancies we have seen that the
basic events of the evolution of the disordered system can b&/e compute the relative error for the stream function
reproduced by modefl), starting at the experimental situa- (f =) and for the vorticity(f = w) of run no. 1 and of run no.

1/2

®
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TABLE Il. Relative errors between the experimentally mea-

sured and the simulated stream function and vorticity fields for the W
disordered system: Comparison between DNS started@irun o
no. 1) and DNS started d@t=4 s(run no. 3 both using experimental i E\
parameters. el
t I w) A) Hw) A w) Orin
[s] [%] [%] [%] (%] - :
run No. 1 run No. 2 run No. 1 run No. 2 L ]
0 0 - 0 -
4 42 0 68 0 @ L.
10 55 16 92 45 0.0 10.0 20.0
20 60 31 92 61 time (s)

1.0 < T T T T T T

2. The results are shown in Table 1. We see that both the

vorticity and the stream function fields of the simulation

starting att=4 s are in much better agreement with the ex-

perimentally measured data, than those of the simulation —
starting at the timé=0. In particular, we find a remarkably Mrmax
small error of only 16% for the stream function of run no. 2 i 7]
att=10 s when compared to the 55% of run no. 1. The large
values of {w) should not be considered as a deficiency of i ]
the numerical simulation because they result from a compari- (b)
son of the numerical fine grained vorticity field with the
experimentally measured coarse grained vorticity. Again,
considering the decay of energy and of enstrophy as shown

in Figs. 2a) and Zb), respectively, we remark on the excel-
lent agreement of the values from DNS run ndgs@lid lineg
with the experimentally measured valuesjuares There-

0.0 I L L 1 L 1 1
0.0 10.0 20.0

time (s)

FIG. 3. Temporal behavior of the reduced global minimum of
vorticity (@) and of the reduced global maximum of vorticit)

fore we can summarize that the simulati f the initiall from the DNS starting at=0 (dotted line$ and from the DNS
W u 12 at the simufation ot the Initially ¢ arting att=4 s (solid lineg. The squares mark values which are

disordered grrangement of vortlce_s shows .reasonably 909Gfeasured in the MCT experimeftt5]. The linear friction and ki-
agreement_ In th_e frame of the spatial evolution and SUUCtUIGematic viscosity are taken as in the experiment. The global ex-
of the vorticity field, of the errors¥) and &(w) and of the  yrema of vorticity are normalized with respect to their values at
temporal behavior oE and Z, when starting from the ex- =g
perimental situation at=4 s.
Since the conservation of the scaled minimum and maxithe kinematic viscosity in the experiment. In the second
mum vorticity DNS, run no. 4, we choose hyperviscosity as the small scale
dissipation mechanism. In both simulations we find a com-
o Wext! VE ©) plete conservation of the global maximum of the vorticity.
ext Wext o/\/E_o Considering the minimum of vorticity we observe a conser-
' vation of approximately 97% of the initial value when using
was of particular experimental inter¢d#d—16, we next turn  hyperviscosity(run no. 4 but it decays down to 83% when
to the temporal behavior of these quantities, which is showmapplying an usual viscous term for diffusion of vorticiiyn
in Figs. 3a) and 3b), respectively. The index “ext” stands no. 3. Although these simulations show how to improve the
for maximum or minimum. In the case of run no. 1 we ob-agreement between DNS and the experiment with respect to
serve a decay of bot,;,, and w, down to 55% of the the evolution of the global vorticity extrema, we find larger
initial values att =20 s. This observation is in disagreementdifferences than in run no. 1 and in run no. 2 for the integral
with the experimental measurements for the disordered sysfuantities and for the relative errof&)) and &w). The main
tem. In the MCT experiment during the period fram4 s  difference between the experiment and the simulations with
up tot=20 s the scaled minimum was approximately con-higher Reynolds number is visible when comparing the vor-
served while the maximum was decaying further down toticity structures. We find that in run no. 3 and run no. 4 the
68% of the initial value. While run no. 2 better reflects thediffusion does not act sufficiently in vortex merging pro-
integral quantities of the experiment than run no. 1, we dacesses. Then merging is not complete and small scale vortex
not observe a significant improvement with respect to thdilaments survive, which is not observed in the experiment.
behavior of the global extrema shown in Fig. 3. Therefore We conclude, that higher Reynolds numbers generally im-
we test the influence of the diffusion term of Ed) on the  prove the conservation of the global extrema of vorticity at
conservation of the global extrema. We perform two DNSthe expense of a poor agreement in other observed features.
starting att=0 and realizing higher Reynolds numbers thanAs we have shown, the conservationwj,; cannot be com-
given in run no. 1 and run no. 2. At first we use in run no. 3pletely reproduced with our model Eql), for the given
an usual kinematic viscosity which is 83 times smaller thaninitial data. We have identified two reasons for this, namely,
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the lateral boundary conditions and 3D effects. The boundaryn=ma/L andn=nm/L is applied to the system andn
conditions could play a role for the decay @f,;, if the  are integers The decay length of the magnetic field in ver-
global minimum or maximum come close to the box walls.tical direction, 14=0.003 m, is known from measurements
Then the temporal behavior of this extremum should be inin the MCT experiment. At first we solve the stationary.
fluenced by thdifferentboundary conditions in the experi- Stokes problem for the fluid which is driven due to the action
ment (no slip and the DNS(free slip at the lateral walls.  of the chessboardlike Lorenz forée=jxB. In the second
We find that the global minima and maxima approach thesien we show that the experimentally measured horizontal
bogndarles up to d_|stance§ of 5 mm.and 9 mm, r.espect|velx,e|ocity components are mainly caused by theomponent
which could give rise to differences in the evolutionaf,  of vorticity for which the initial vertical profile is calculated.
due to different boundary conditions. Furthermore, whilej, the third step we compute the decay of the square ot the

model Eq.(1) describes the quasi-2D flow in a single layer component of vorticity at the upper surface when the electric
fluid system the MCT experiment investigates the flow in asrent is turned off.

two layer system with a discontinuous stratification. How- Applying the poloidal-toroidal decompositiof80] we
ever, in another experimefit4] without stratification of the g from the 3D Stokes equation

thin fluid layer, two of the author@Marteau and Tabeling

have observed a significant decay«f,;. Finally the influ- dw, o

ence of discontinous stratification within the two layer sys- —p = vAw +Asinmx)sin(ny) exp(— y2), (7
tem on the temporal behavior of the global extrema of vor-

ticity would require DNS of the complete 3D system
including, also, the no slip boundary conditions on all walls,

for the z component of the 3D vorticitﬁ=wxéx+ ON:Y
which is unfortunately much more expensive computation-t+ w,€,=V XV and

ally.
Summarizing our results on the simulations of the disor- v, ., ~ ~ _
dered system and of the comparison with the results of the 2 gp — VA vz Azcosmxjcosny)exp - yz), ®)

MCT experiment, we find that Eql), including the experi-

mental value of the viscosity and the experimentally measor the z component of the 3D velocity=v,8,+v,6
: i xSx T UyCy

sured decay rate of the linear friction, can be used as modeJ 5 We denote the 3D Nabl i e 6.0/0
for the quasi-2D flows, as studied in the MCT experiment. V26, We denote ne abia operator Wit €, »3(
+ €,0/dy+ €,/ 9z. The 3D Laplacian is defined by=V~.

For quantitative comparison, the DNS should start after al'h inh f Eq3) and (8) h .
short period of relaxation towards a Poiseuille profile within | '€ inhomogeneous parts of E8) and (8) have magni-
tudesA,; = j,Bom/p, andA,= yA;m/n. Although the experi-

the fluid layers. mental systen(15] consists of two layers with densities
p1,2=po(1+0.08, we suppose a homogeneous fluid with a
lll. THE STOKES APPROXIMATION densityp,, because the main part of tkedependence of the
FOR THE INITIAL PERIOD flow excitation results from the decaying magnetic field in a
In this section we wish to propose a simple analyticalw?rtical direction. Wg consider now the statipnary problem
with d/gt(.)=0 and insertw,=p,(z)sin(mx)sin(ny) and

model, based on the 3D linear Stokes equation that explains : .
the reason for the postponement of energy and enstropt\vﬁe_ géiz)cos(rﬁx)cosﬁy) in Eqgs.(7) and(8), respectively.

decay in the MCT experimelitf. Fig. 2. More precisely we
will answer the following questions: What is the shape of the _ 2 o2 _ .

initial velocity profile across the 3D fluid layer &¢0? Is the 0=v(D"=F)'pi—Aexp—y2) (i=1.2 ©
velocity profile across the 3D fluid layer for timés-0 sta- with D=4/5z and B=m2+T2. Employing the boundary
tionary or not? The answers to these questions are importa%nditions[sl]

in order to model the considered 3D system by the 2D equa-

tion (1) which contains the stationary linear friction term p1(0)=Dp;(h)=p,(0)=Dp,(0)=p,(h)=D2p,(h)=0
—uw as the only remnat of the 3D origin. The reader inter- 1
ested only in the final results of the Stokes approximation

should consult Fig. 5 where we show the decay of the squarge analytically solve the set of Eq®). Using the definition

of vorticity at the surface for the dominating horizontal wave f the vorticity O=VxV and the incompressibility condi-
number. Indeed we find a postponement of this integraf,) S o ' '

value, which is similar to the experimental behavior of thetion, V-V=0, we get the velocity components

energy and entrophy decay, and is the result ofrtbesta- 2

. . . . . . . 71' —_ —_ . —_ —_

;unoigg%r\]/:lsc;cg); p\:\:gflllﬁnvxgggcv the 3D fluid layer during the bx=T 5 [Tip,(2) — MD p,(2)]sin(Mx)cogAy) (11)
The model is based on the following physical ideas. Let

us consider a 3D square box of horizontal dimension and

which is filled with an electrically conducting fluid. The fluid

layer has a thickness=0.006 m and the upper surface is ~ _

free and plane. An unidirectional electric current with a den-"Y L2B2

sity j=]o€, is conducted through the fluid. Furthermore, a

magnetic field B= Bocosfx)sin(ny)exp(—y2)€,, with  in terms of thez components ok and Q.

[—Mp1(2) +NDp,(2) JcogMx)sin(ny) 12
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Now we can estimate the influence of the vertical compomum wave numberg,,,,~24, due to the dissipation length
nent of the velocityy,, on the measurements of the horizon- scale[2] (12L2/Z,)Y*. We estimate the mean wave number
tal velocity components which are used to reconstruct the 2[df the energy injection in the case of the disordered system
vorticity field of w, at the top of the fluid layer. We suppose containing ten large scale vortices of the MCT experiment
for this estimatiorm="n and evaluate the rati®p,|/|p;| at  with xz~1.33. Finally, we find that the horizontal velocity
z=h in dependence of the dimensionless wave numbegcales, i.ep, andv,, are mainly connected with vertically

«=ph of the excitation. We find that the influence ®f on  gjrected vorticity linesw,&,. This result justifies the use of
the vertical velocity scales has a maximum at a certain Waveq (1) for w=w, instead of both the fully nonlinear evolu-
" Z

numhberKO§4F§1nd declreaies for large wave rr:umdb.ersa Whiéljﬁon equation$30,31] for w, andv, . Therefore, if we neglect
is shown in Fig. 4a). In the experiment on the disordere the influence ob, onv, andv,, both the vertical vorticity

system the energy 1S injected in a t_)and of wave numbersComponent, and the horizontal velocity components depend
This band is limited by the minimum wave number,

Kkmin=0.41, due to geometrical properties and by the maxiO" the same profile

A;h?! exp(— €Z)cosh k) —cosh k(1—Z)]+ E exp(— e)sinh(kZ)

p1(2)=

(k°— €®)cosh k) (13

with Z=z/h. In Fig. 4(b) profiles p,(z,x) are shown for There are two mechanisms of dissipation due to the 3D La-
fixed parametere=yh=2 as given from the MCT experi- placian: the decay proportional to xp(«2v/h?)t] belongs
ment. We see that for small wave numbaetsi.e., for the tg the 2D Laplaciam, and does not depend dn while
large scales of forcing, a Poiseuille profile is established, ang: 7 0ai(— 1) exp[— (w?v/h?) (i + 1/2)?t] reflects the decay
for intermediate values the profile becomes flat near the togye to the friction in the vertical direction. We see that if the
of the fluid layer. However, the most surprising effect occursipitia profile p; has only one nonvanishing coefficiea,

for ]flma_ll sca;:e excitations. Then v(\j/e ﬁ?ﬂ an overlshot_in th&hen the decay due to the friction in the vertical direction is
profile, i.e., the maximum magnitude of horizontal Motion is o ortional to expf-(72v/4n?)t], for all timest=0, and it

:‘?g:fgrfgizr It/lhc?reb:\;[gnlhaengvtehrih%rtc;ﬂé? tﬂicig'lg)lvg:gs trﬁ% possible to model this friction with a linear term which has
' ' praty B constant coefficienty=v7*/4h?. Otherwise, if the initial

only caused by the decay of the magnetic field across the 3 . : L
profile p; consists of a sum of several nonvanishing parts,

fluid layer. If the magnetic field is constant within the 3D then these terms can compensate each other for a certain time
layer (e~0), thenp(2) is a monotoneously increasing func- period and the decay, due to the vertical friction, cannot be

tion of and there does not exist overshots. modeled by a single term exp(ut) for all times. However
We next show that the shape of the profpig(z) for . y 9 P ) e
the higher order terms decay very fast for large values of

Cautes 3 Slower decay of the 2D motion at the top of thdNerefore. afer a time period, which is of the order of the
layer during the first few seconds in the MCT experimentsCharaCterIStIC damping time of the Ieadmg _hlgher o_rder
than predicted when supposing purely linear friction. Let usStOkes moder;~1.93 s fori =1, the only surviving term is

consider the case when the flow has fully relaxed to th«?taoexd_(”ﬂzl4h2)]' Starting an observation at this instant,
stationary profilep,(z k). Then the electric current is he decay of the 2D flow at the surface due to the friction in

turned off. The flow decays. The decay depends both on th he_vertlcal direction can be_ modeled by a single linear term,
or instance—uw, as used in Eq(l). In order to test these

planar and the vertical action of the 3D Laplacian. We mserarguments we compute 2= wﬁ/wio, which is an integral

0, =2 ori(z hsinmx)sin(y), with  ZiZor(zt=0) measure of the quasi-2D flow at the surface comparable to

=p4(z,xg) in Eq. (7), while we have to seA;=0 in order to L ) ;
model the free decay ofy, at the surface. Solving the the kinetic energy3) or the entrophy(4). Looking at Fig. 5

resulting eigenvalue problem we find, =assin(y,7z/ find that during the first few seconds the decayogfis
hyexp{— (w/h)[(x;m)2+ k2]t with X-I=i+|1/2 ! and weaker than for larger times. After approximaté s the
I 1 1

a=v2[ Bpl(Z,KE)Sin(Xi xz/h)dz Since we are interested in decay is proportional to exp(ut). Comparing the evolution

i gl s
the decay of the 2D flow at the surface, we consider thé)f ws With the experlmgntally measured energympty
- squaresand enstrophysolid squareswe see that the energy
surface vorticity 4
decays slower and the enstrophy decays faster than predicted

by the Stokes approximation. This behavior can be explained

o by the nonlinear shift of the energy towards larger scales and
WS:E ri(z=h,t) entrophy towards smaller scales, where small scales are dis-
=0 sipated faster than larger 2D scales. But, nevertheless, we see

o that fort=4 s both the energy and the entrophy decay ex-

_ 22 a,(_l)iexp[ —[Oam)2+ k2] V_t (14) ponentially with constant rate. Recent measurements of the
=l ' B h? velocity field, in the upper and the lower layer have been
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FIG. 5. Temporal behavior of the square of the velocity profile
| at the surfacav?, for the wave number of the energy containing
) structureskg (solid line). The dashed line marks the asymptotic
behavior ofw2. For comparison the energgmpty squarésand the
i Keax T entrophy(filled squaresas measured in the MCT experiméab]
Z | Kn : and normalized with respect to their valueg &0 are plotted.

do not find a monotonic function for the scatter plots in Figs.
- T 6(a) and @b), indicating that, at this time, the system is not
(b) fully relaxed to an equilibrium state. We find this observa-
00 : : : tion in agreement with the experiment, where only a partial

P4

FIG. 4. Analytic solution of the stationary 3D Stokes problem 0.4 ' l l l .
for a single fluid layer in a box with free surface at the top and an
applied chessboardlike forcing of exponentially decaying strength
in vertical direction: Ratio of the spatial change of the vertical ve-
locity componentDuv,, to thez component of the vorticityw, at
the top of the fluid layer in dependence of the forcing wave number
« (a); profiles of thez component of the vorticityw,, within the w0
fluid layer (b). x denotes the forcing wave numbet,,, is the
minimal possible value with respect to the geomeigyis the wave
number of the energy containing structures, aggl, is the wave
number of the Kolmogorov dissipation scale.

0.2

-0.2 +

(@ . A S
carried out, for the stratified system, in a situation where 04 2e-05 -1e-05 0 1e-05 2e-05
initially, kinetic energy is injected in the lower laygno L\
forcing takes place in the upper gnd hese measurements
[32] have shown that it takes roughly two seconds to transfer
energy across the entire fluid layer. After this transient state,
velocities at the fluid interface between the two layers and at
the free surface are found to have comparable amplitudes
and decay at the same rate.

0.6 T T T T T

IV. THE FINAL STATES

Now we turn to the question of whether the experimen-
tally observed final states of 2D turbulence for several initial
conditions, i.e., both for disordered and for chessboardlike
arrangements of alternating vortices, are equilibrium states
of 2D turbulence or not. The maximum entropy thef22— (b)
24] predicts monotoni@/— w relations for equilibrium states
of 2D turbulence. In order to check this for the disordered

0.6 | I L ] |

-2¢-05 -1e-05 0 1e-05 2e-05

system, we are looking at thé—w scatter plot of the late v
state which we obtain as result of the simulation starting at
t=0{[run no. 1, Fig. €3] or starting at=4 s[run no. 2, Fig. FIG. 6. y—w-scatter plot of the late state in the DNStat20 s

6(b)]. Although the left tail of the scatter plot in Fig(l§  for the initially disordered system of the MCT experimdas]
seems to be better relaxed towards a unique dependence, wtarting from the situation at=0 (a) and att=4 s (b).
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FIG. 7. Isovorticity plot of the late staté=120 9 in the DNS
starting from the initially disordered vortex system, without linear
friction and an initial Reynolds number Ra4XRe,,;~3300.

relaxation towards equilibrium has been nofdd)]. How-
ever, what will happen if we remove the linear friction term,
corresponding to a hypothetic experiment with zero bottom
friction? In order to study the long term evolution of the
flow, in the next step, the linear friction is removed from our |
model and the Reynolds number is increased to |
Re=14XRe,,;~3300 which is as high as possible for the
given spatial resolution of the DN@f. run no. 5 in Table)l FIG. 9. Late states in DNS including the linear friction coeffi-
Looking at the late state, for=120 s, we find that the system cjent and the kinematic viscosity as taken in the experinepper
relaxes into a diagonal dipolgig. 7). At this time approxi- row) and without of linear friction(lower row) starting from the
mately 62% of the initial energies are still concentrated in4-vortex systengleft column and from the 16-vortex systefright
this large scale structure. Considering the o relation(Fig. column: Isovorticity plots att=27 s (upper row, at t=35 s
8), we can see that this state is actually very close to a steadiower left, Re=3XRe,,;~3300 and att=189 s (lower right,
state. Notice that there is a symmetry breaking between posRe=7xRe.,;~3300.
tive and negative vorticitycf. [29]). ] ) ) ) ] ) ] ]
Next, we turn to the other experimental realizatighs], _ First we consider the simulations |nclud_|ng the linear fric-
possessing a high degree of symmetry. More precisely, thion (run no. 6 and run no.)8We are looking at the states
initial condition in MCT consisted of chessboardlike ar- €lose to the final observation times of the experiments that is
rangements oN=4 andN=16 alternating vortices, respec- att=27 . Starti.ng the evolution with four alternating vorti-
tively, which we model by sinuously shaped distributionsCeS: We finally find a structure closed to a monopligper
w(X.y,t=—t)=(1+9sin(2mkx/L)(2mky/L). They com- left plotin Fig. 9 in relative agreement with the MCT Fig..
prise N=4k? counter-rotating vortices on which an addi- 1(d). In the experiment, how_ever, the monopole is more akin
tional random perturbatio with an amplitude of 1% is 0 @n annular structure, as in the DNS. Two effects can be
imposed. In the DNS, the initial vortex arrays become un-'éSPonsible for this discrepancy(i) the different boundary
stable after a time scatewhich we take as the starting point conditions at the lateral wallgio slip in the experiment and
(t=0) of the simulations on the decaying 2D turbulence. Atfrée slip in the DN in particular, act at the outer edge of

this moment we scale the vortex field to magnitudgsas the monopole andii) if the coefficient of the linear friction
measured in the experimer(®,=8.5 S %, w,s=7.4 s % for is overestimated from the experiment, then the effective time

the parameters cf. runs nos. 6-9 in Table | of evolution is too short for establishing the fully annular
structure(cf. the arguments belowFor 16 initial vortices we
find a multipole as final statéupper right plot in Fig. 8
which has also been observed in the experinig&fi. How-
ever, by removing the linear friction term from E@) the
picture changes. We take the Reynolds numbers as high as
possible for the given spatial resolutidRe=3xRe,,, for

the 4-vortex system and R&XRg,,, for the 16-vortex sys-
tem; for the parameters cf. run no. 7 and run no. 9 in Table |
in these simulations. Then we find both fd=4 at a time
t,=12 s and forN=16 at a timet,;;=149 atransitionto a
monopole. The finally observed states are fairly relaxed into
annular structures @t=35 s in the case of the 4-vortex sys-
tem (lower left plot in Fig. 9 and att=189 s in the case of

-2 ! i : the 16-vortex systerflower right plot in Fig. 9. Concerning
-0.001 0 0.001 applications of the maximum entropy thed®2-24 in the
v case of a box geometf29], we find the organization into a

monopole, both for the casé=4 and for the casbl=16, in
FIG. 8. yy—w-scatter plot at=120 s in the DNS of the initially ~agreement with the predictions of this theory.
disordered vortex system, using=0 and Re=14XRe,,,~3300. Considering the results from the model Ed) in com-
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parison to simulations without of linear friction we have ation towards the equilibrium is not reached, because the
found differences with respect to the organization of the latecharacteristic damping time is smaller than the time neces-
states. We interpret these results as follows: On the onsary for the large scale organization. The fact that the orga-
hand, for moderately high Reynolds numbers, as in our sysaization time is substantially smaller for the disordered 10-
tem, the linear friction is the main mechanism causing dissivortex state makes the observation of the final state possible

pation. Then a transformation in this particular case, using the same experimental system.
_ This suggests that other parameters, such as the initial sym-
©=w exput), (19 metry of the spatial vorticity distribution, have an influence
on the way of relaxation which is taken by the system.
T 1—exp(— ut) 16
B " (16) V. CONCLUSION
formally leads to the Euler equatidB2] We summarize the main results of the present communi-

cation as follows: (i) Decaying quasi-2D turbulence in thin
®  ~- layers of stably stratified flows which are initially excited by
EﬂL(vV)w:O (17)  electromagnetic forces can be simulated using @&. In
particular, if starting a simulation at a time when the velocity
o ~ - = _ profile within the fluid layers has relaxed to a Poiseuille pro-
with  @(x,y,t) =[VXv(x,y,t)]6;. However, the trans- fjg then this model of 2D turbulent flows corresponds, to a
formed timet is bounded by large extent, to the MCT experimental situatiofi§. Most of
1 the discrepancies between the MCT experiment and the DNS
Tra= liMT(t) = — (18 of the 2D model Eq(1) result from the nonstationary behav-
t—oo M ior of the velocity profile within the 3D layer which cannot
_ o ) ) ~be modeled by single linear term in a 2D equation. Consid-
in contrast to the original Euler equation where the time isgring the MCT experimental situation the vertical decay of
unlimited. In the original system this fact appears as a limithe magnetic field excites higher order Stokes modes which
tation of the particle path length which is restricted by exponentially decay with different rates and, therefore, cause
the nonstationarity of the velocity profildiii) The finite
(199 ~ mixing time of the system with bottom friction affects the
structure of the experimentally observed late states when
starting with a large numb&N=16) of initial vortices. (iv)
The problem of the conservation of the global extremum of
%rticity in a stratified system is still an open question which
cannot be answered by a purely 2D approach. It is important
because it is linked to the issue of how to model geophysical
ituations where stratification occurs.

L (O]
Smaxs 1

where wy is the initial magnitude of vorticity. On the other
hand, it has been shown that the necessary time of the org
nization of the equilibrium increases with the number of ini-
tial vortices. In particular, in the simulations starting from
chessboardlike arrangements of alternating vortices, it h
been shown for the 4-vortex system that the symmetry break-
ing occurs at a time, which is approximately of the same
order as 14,, otherwise, in the casBl=16, the transition
towards a monopole takes place at a tiqge>1/u,5. There- This work was supported by the Deutsche Forschungsge-
fore, when comparing the late states of the simulations wittmeinschaft under Grant No. Th497/4-2, by the CNRS, Ecole
and without linear damping, we can conclude that for a cerNormale Superieure, Universities Paris VI and VII. The au-
tain class of initial conditiongtypically ordered lattices with thors have benefited from discussions with T. Boeck, Ch.
many vortices, such as the 16-vortex systeomplete relax- Karcher, and J. Sommeria.
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